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Abstract. We classify semi-Riemannian submersions with connected totally geodesic 
fibres from a real pseudo-hyperbolic space onto a semi-Riemannian manifold under the 
assumption that the dimension of the fibres is less than or equal to three and the met- 
rics induced on fibres are negative definite. Also, we obtain the classification of semi- 
Riemannian submersions with connected complex totally geodesic fibres from a complex 
pseudo-hyperbolic space onto a semi-Riemannian manifold under the assumption that 
the dimension of the fibres is less than or equal to two and the metric induced on fi- 
bres are negative definite. We prove that there are no semi-Riemannian submersions 
with connected quaternionic fibres from a quaternionic pseudo-hyperbolic space onto a 
Riemannian manifold. 

1. Introduction and main results 

Riemannian submersions, introduced by O'Neill |Onel] and Gray |Gra] . have been used 
by many authors to construct specific Riemannian metrics. A systematic exposition can 
be found in Besse's book [Besjj. In this paper, we obtain classification results for semi- 
Riemannian submersions with totally geodesic fibres. 

We first recall briefly some related work on the classification problem of semi-Riemannian 
submersions. Escobales |Escl} IEsc2] and Ranjan |Ranl] classified Riemannian submer- 
sions with connected totally geodesic fibres from an n-sphere S n , and with connected 
complex totally geodesic fibres from a complex projective n-space CP™, respectively. Ucci 
[Ucc] showed that there are no Riemannian submersions with fibres CP 3 from the complex 
projective space CP 7 onto 5* 8 (4), and with fibres HP 1 from the quaternionic projective 
space HP 3 onto S 8 (4). In [Ran2] . Ranjan obtained a classification theorem for Riemann- 
ian submersions with connected totally geodesic fibres from a compact simple Lie group. 
Gromoll and Grove obtained in |G-G1] that, up to equivalence, the only Riemannian sub- 
mersions of spheres (with connected fibres) are the Hopf fibrations, except possibly for 
fibrations of the 15-sphere by homotopy 7-spheres. This classification was invoked in the 
proof of the Diameter Rigidity Theorem (see [G-G2] ) and of the Radius Rigidity Theorem 
(see | Wilj ) . Using an approach different from Gromoll and Grove [G-Glj . Wilking [Wilk] 
proved that a Riemannian submersion it : S m — > B b is metrically equivalent to the Hopf 
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fibration for (to, b) = (15, 8) and obtained an improved version of the Diameter Rigidity 
Theorem as a consequence of his classification theorem. 

In comparison, there are few classification results for semi-Riemannian submersions, and 
the consequences seem to be at least as important as those for Riemannian submersions. 



In [Mag], Magid proved that the only semi-Riemannian submersions with totally geodesic 
fibres from an anti-de Sitter space onto a Riemannian manifold are the canonical semi- 
Riemannian submersions f/^ m+ — > CH m . In |Ba-Ia] . the present author and Stere Ianu§ 
classified semi-Riemannian submersions with connected totally geodesic fibres from a 
pseudo-hyperbolic space onto a Riemannian manifold, and with connected complex totally 
geodesic fibres from a complex pseudo-hyperbolic space onto a Riemannian manifold. 

The aim of this work is to prove new classification results in the theory of semi- 
Riemannian submersions analogous to those in Riemannian geometry. It is my pleasure 
to thank Professor Stere Ianu§ for useful discussions on this subject. 

Now, we list the main results proved in this paper. 

Theorem 1.1. Let tt : H™?*, — > B™ be a semi-Riemannian submersion with connected 
totally geodesic fibres from a pseudo-hyperbolic space onto a semi-Riemannian manifold. If 
the dimension of the fibres is less than or equal to 3 and if the metrics induced on fibres are 
negative definite, then n is equivalent to one of the following canonical semi-Riemannian 
submersions: 

(a) HlUX 1 ->• CiTf, < t < m. 

(b) H^f UH t m , 0<t<m. 

Theorem 1.2. Let n : H™f£, — > B™ be a semi-Riemannian submersion with connected 
totally geodesic fibres from a pseudo-hyperbolic space onto a semi-Riemannian manifold. 
Assume that one of the following conditions is satisfied: 

(A) B is an isotropic semi-Riemannian manifold, which means that for any x G B™ and 
any real number t, the group of isometries I(B™,g') preserving x acts transitively 
on the set of all nonzero tangent vectors X at x for which g'(X, X) = t, or 

(B) index (B) G {0,dimB}. 

Then n is equivalent to one of the following canonical semi-Riemannian submersions: 

(a) H%ff- £H™, 0<t<m. 

(b) H*™f UH t m , 0<t<m. 

(c) H% 8t tff t (-4), tG{0,l}. 

Theorem 1.3. Let tc : CH™ — )■ B be a semi-Riemannian submersion from a complex 
pseudo-hyperbolic space onto a semi-Riemannian manifold. Assume that the fibres are 
connected complex totally geodesic submanifolds, and one of the following conditions is 
satisfied: 

(A) The real dimension of the fibres is r < 2 and the fibres are negative definite, or 
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(B) B is an isotropic semi-Riemannian manifold, or 

(C) index (B) G {0,dimB}. 

Then 7r is equivalent to the canonical semi-Riemannian submersion 
CHl^X 1 -»■ H# f m , < t < m. 

Theorem 1.4. There exist no semi-Riemannian submersions it : — > B with con- 
nected quaternionic fibres from a quaternionic pseudo-hyperbolic space onto an isotropic 
semi-Riemannian manifold or onto a semi-Riemannian manifold ofindex(B) G {0, dim(i?)}. 

2. Preliminaries and examples 

In this section we recall several notions and results which will be needed throughout 
the paper. We also exhibit the construction of canonical semi-Riemannian submersions. 

Definition 2.1. Let (M,g) be an (n + r)-dimensional connected semi-Riemannian man- 
ifold of index s + r', and (B, g') an n-dimensional connected semi-Riemannian manifold 
of index s, where < s < n, < r' < r. A semi-Riemannian submersion (see [One2] ) is 
a smooth map 7r : M — > B which is surjective and satisfies the following axioms: 

(a) 7T*|p is surjective for all p G M; 

(b) the fibres vr _1 (6) , b G B, are semi-Riemannian submanifolds of M; 

(c) 7T* preserves scalar products of vectors normal to fibres. 

We shall always assume that the fibres are connected, the dimension of the fibres 
dimM — dimi? > and dim I? > 0. The vectors tangent to fibres are called vertical and 
those normal to fibres are called horizontal. We denote by V the vertical distribution and 
by % the horizontal distribution. 

The geometry of semi-Riemannian submersions is characterized by O'Neill's tensors T, 
A (see |Onelj . |One2j ) defined for vector fields E, F on M by 

A E F = hV hE vF + vV hE hF, 
T E F = hV vE vF + vV vE hF, 

where V is the Levi-Civita connection of g, and v and h denote the orthogonal projections 
on V and "H, respectively. For basic properties of O'Neill's tensors see (Onelj . |One2j . [Besj 
or |Ianj . 

Definition 2.2. (i) A vector field X on M is said to be basic if X is horizontal and 
7r- related to a vector field X' on B. 

(ii) A vector field X along the fibre 7r _1 (x), x G B, is said to be basic along n~ l (x) if 
X is horizontal and ir t . p X(p) = 7r* 9 X(g) for every p, q G 7r _1 (x). 

We notice that each vector field X' on B has a unique horizontal lift X to M which 
is basic. For a vertical vector field V and a basic vector field X we have KWyX = AxV 
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(see |Onelj ). We denote by R, R' and R the Riemann curvature tensors of M, B and of 
the fibre it^ 1 (x), x G M, respectively. We choose the convention for the curvature tensor 
R(E, F) = Ve^f — Vj?Ve — V[e,f]- The Riemann curvature tensor is defined by 



For O'Neill's equations of a semi-Riemannian submersion we refer to |Unelj or |Besj . 

Definition 2.3. Two semi-Riemannian submersions 7r,7r' : (M,g) — > (B,g') are said to 
be equivalent if there exists an isometry / of M which induces an isometry / of B so that 



We shall need the following theorem, which is the semi-Riemannian version of Theorem 
2.2 in [EscT] . 

Theorem 2.4. Let tti , 7r 2 : M — > B be semi-Riemannian submersions from a complete 
connected semi-Riemannian manifold M onto a semi-Riemannian manifold B. Assume 
that the fibres of these submersions are connected and totally geodesic and the metric 
induced on fibres is negative definite. Let f be an isometry of M satisfying the following 
properties at a given point p G M : 

(1) /* p : T P M — >■ TffaM maps 7ii p onto %2/( P ), where Hi denote the horizontal dis- 
tributions of Hi fori G {1,2}. 

(2) f*A\E,F = A 2 f„Ef*Ffor every E, F G T p M , where Ai are the integrability tensors 
associated with 7r». 

Then f induces an isometry f of B so that the pair (/, /) is a bundle isometry between 
7i"i and 7T2 . In particular, tti and tt2 are equivalent. 

Escobales's proof of Theorem 2.2 in |Esclj . also works in this semi-Riemannian case. 
He proves that for any b G B which can be joined with H\{p) by a geodesic we have: 

(i) for every x G 7r ] " 1 (6), f* x : T X M — > Tf^M maps H\ x onto %2f(x)i an d 

(ii) / maps the fibre vrj~ 1 (6) into the fibre 7r^" 1 (7r2(/(a;))) with x G 7rf 1 (6). 

We notice that for any x G vr 1 _1 (6) with b G B, which can be joined with 7i"i(p) by 
a geodesic, the conditions (1) and (2) are also satisfied for the point x. Since M is 
connected, B is also connected. Therefore, any point b G B can be joined with 7i"i(p) by 
a broken geodesic. Repeating the argument above, for any corner point of this broken 
geodesic, we see that for any b G B, f maps the fibre vrf 1 (6) into a fibre. 

Definition 2.5. Let (*, ■) be the symmetric bilinear form on W m+1 given by 



R(E,F,G,H) = g(R(G,H)F,E). 



7r' o / = / o 7r. The pair (/, /) is called a bundle isometry. 




i=0 



i=s+l 
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for x = (x , ■ ■ -, x m ),y = (y , ■ ■ ■, y m ) G M m+1 . For any c < and any positive integer s, 
let H™(c) = {x G R m+1 | (x,x) = 1/c} be the semi-Riemannian submanifold of 

= (R m +\ ds 2 = -dx° ®dx° dx s <g> cfe s + cfc s+1 ® da; s+1 + ■ • • + dx m <g> cfe m ). 

H™(c) is called the m- dimensional (rea/) pseudo-hyperbolic space of index s. 

We notice that H™(c) has constant sectional curvature c, whose curvature tensor is 
given by R(X,Y,X,Y) = c(g(X, X)g(Y,Y) - g(X,Y) 2 ). We shall denote simply H™ = 
H™(—1). It should be remarked that H™ can be written as a homogeneous space, namely 
H? = SO(s + l,m - s)/SO(s,m- s), H 2 ^ 1 = SU(s + l,m- s)/SU(s,m- s), and 
# 4 4 ™+ 3 = Sp(s + 1, m - s)/Sp(s, m-s) (see fWoIj l 

Definition 2.6. Let (•, •) be the Hermitian form on C m+1 given by 

s m 
(Z, W) = - J"] ZiWi + ^ Z i™i 
i=0 i=s+l 

for 2! = (^o, ■ •-, z m ), w = (wo, w m ) G C m+1 . For c < 0, let M(c) be the real hypersurface 
of C m+1 given by M(c) ={z£ C m+1 | (-2,-2) = 4/c}, which is endowed with the induced 
metric of 

(C m+1 , ds 2 = -dz° ®dz Q dz s ® dz s + dz s+1 ® dz s+1 + • • • + dz m <g> ^ m ). 

The natural action of S* 1 = {e* 61 | 9 G M} on C m+1 induces an action on M(c). Let 
CH™(c) = M(c)/^ 1 endowed with the unique indefinite Kahler metric of index 2 s 
such that the projection M(c) — > M(c)/S' 1 becomes a semi-Riemannian submersion (see 
[Ba-RoJ). CH"' (c) is called the complex pseudo-hyperbolic space. 

Notice that CH™(c) has constant holomorphic sectional curvature c, whose curva- 
ture tensor is given by R(X, Y, X, Y) = (c/A)(g(X, X)g(Y, Y) - g(X, Yf + 3g(I X, Y) 2 ), 
where Iq is the natural complex structure on CH™(c). We shall denote simply CH™ = 
CH™(—4). It is well-known that Cif™ is a homogeneous space, namely CH™ = SU(s + 
l,m - s)/S(U(l)U(s,m - s)) and CH^ 1 = Sp(s + l,m - s)/U(l)Sp(s, m - s) (see 
[Wol] ). 

We shall denote by Hi?" the quaternionic pseudo-hyperbolic space of real dimension 
4n, and of quaternionic index s with quaternionic sectional curvature —4, and by S n and 
S' n (4) the spheres with sectional curvature 1 and 4, respectively. 

By a standard construction (see Theorem 9.80 in |Besj), one can obtain many examples 
of semi-Riemannian submersions with totally geodesic fibres of type tt : G/K — > G/H, 
where G is a Lie group and K, H are closed Lie subgroups of G with K C H . In this 
way the following canonical semi-Riemannian submersions, also called generalized Hopf 
fibrations, are obtained: 
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Example 1. Let G = SU(t + 1, m - t), H = S(U(l)U(t,m — £)), K = SU(t,m-t). For 
every < £ < m, we have the semi-Riemannian submersion 

Hl™\ 1 = SU{t + 1, m - t)/SU(t, m - 1) ->• €H r t n = SU(t + 1, m - t)/S(U(l)U(t, m-t)). 

Example 2. Let G = Sp(t + l,m — t),H = Sp(l)Sp(t, m — t),K = Sp(t, m — t). For every 
< t < m, we get the semi-Riemannian submersion 

H^f = Sp{t + 1, m - t)/Sp(t, m-t)^ UH™ = Sp{t + 1, m - t)/Sp(l)Sp(t, m-t). 

Example 3. a) Let G = Spin(l,S), H = Spin(8), K = Spin{7). Then we have the 
semi-Riemannian submersion (see |Ba-Ia] ) 

H) b = Spin(l,8)/Spin(7) H 8 (-A) = Spin(l,8)/Spin(8). 

b) Let G = Spin(9), H = Spin(8), K = Spin(7). Then we have the semi-Riemannian 
submersion (see |Bes] ) 

S 15 = Spin{9)/Spin{7) ->• S 8 {4) = Spm{9)/ Spin{8). 

Example 4. Let G = Sp(t + 1, m - 1), H = Sp(l)Sp(t, m-t), K = U(l)Sp(t, m-t). For 
every < t < m, we obtain the semi-Riemannian submersion 

£Hl™X l = Sp{t + l,m-t)/U{l)Sp{t,m-t) UH™ = Sp{t + l,m-t) / Sp{l)Sp{t,m-t). 

In order to prove Theorem ll.2[ we need the following nonexistence proposition, which 
is the semi-Riemannian version of Proposition 5.1 in |Ranlj . 

Proposition 2.7. There exist no semi-Riemannian submersions tc : H^\ u — > CaH^, 
t G {0, 1, 2}, with totally geodesic fibres from the 23 -dimensional pseudo-hyperbolic space 
of index 7 + 8t onto the Cayley pseudo-hyperbolic plane of Cayley index t . 

We notice that the case t — 2 is Proposition 5.1 in |Ranl] . For the case t = 0, see 
|Ba-Ia] . Here we only recall some details of Ranjan's proof and suggest its modification to 
the semi-Riemannian case. Ranjan's argument in |Ranlj . which leads to a contradiction 
to the assumption of the existence of such a submersion, is based on finding for every 
X G Tip, g(X,X) 7^ 0, an irreducible C7(V p )-submodule S of Tip passing through X. 
Here Cl(V p ) denotes the Clifford algebra of (V p , g p ), where g{U, V) = —g(U, V) for every 
U, V G V p . H p becomes a C7(V p )-module by considering the extension of the map 
U : V p -+ End(H p ) defined by U(V)(X) = A X V to the Clifford algebra Cl(V p ). Since g p 
is positive definite, we have Cl(V p ) ~ R(8)ffiR(8). Hence, Hp splits into two 8-dimensional 
irreducible C7(V p )-modules. Since the induced metrics on fibres are negative definite, we 
obtain in a manner similar to Ranjan's proof that 

(i) for g(X, X) > 0, 7r _1 (Caif 1 ) is totally geodesic in Hj^ st and is isometric to if? 5 , 
where CaH 1 denotes the Cayley hyperbolic line through n*X, and 
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(ii) for g(X,X) < 0, n 1 (CaH\) is totally geodesic in H^ st and is isometric to H\l, 
where CaH\ denotes the negative definite Cayley hyperbolic line through n*X. 

We choose S to be the horizontal space of the restricted submersion n : H} b — > CaH 1 if 
g(X, X) > or tt : H\l ->■ Ca^ 1 if g(X, X) < 0. 

3. Proof of the main results 
The next lemma gives useful properties of O'Neill's integrability tensor. 

Lemma 3.1. Let n : M — >■ B be a semi-Riemannian submersion with connected totally 
geodesic fibres from a semi-Riemannian manifold M with constant curvature c ^ 0. Then 
the following assertions are true: 

(a) If X is a horizontal vector such that g(X, X) ^ 0, then the map A x : V — > H given 
by A x iy) = A X V is injective and the map A* x : H — )■ V given by A* X (Y) = A X Y 
is surjective. 

(b) If X, Y are the horizontal liftings along the fibre 7i~ l (ii{p)), p e M, of two vectors 
X',Y' G T^B respectively, g'(X',X') ^ and (A x Y)(p) = 0, then A X Y = 
along the fibre 7r _1 (7r(p)). 

Proof (a) By O'Neill's equations, we get 

g(A x V, A X W) = cg(X, X)g(V, W) 

for a horizontal vector field X and for vertical vector fields V and W. Thus A* X A X V = 
— cg(X, X)V for every vertical vector field V. Therefore A x : V — > H is injective and 
A* x : H — > V is surjective. 

(b) By O'Neill's equations, we have 

-3g(A x Y, A X Z) = c[g(X, X)g(Y, Z) - g(X, Y)g(X, Z)\ - tffaX, n,Y, n,X, it*Z) 

for horizontal vector fields X, Y and Z. 

If X, Y, Z are basic vector fields, then g(A x Y, A X Z) is constant along the fibre 
7r _1 (7r(p)). Therefore, g(A x A x Y, Z) = along the fibre 7r _1 (7r(p)) for every basic vector 
field Z. Hence A X A X Y = along 7r _1 (7r(p)). Since A x : V — > H is injective, it follows 
that A X Y = along the fibre 7r -1 (7r(p)). □ 

Lemma 3.2. If tt : M — > B is a semi-Riemannian submersion with connected totally 
geodesic fibres from a semi-Riemannian manifold M with constant curvature c ^ onto 
a semi-Riemannian manifold B , then the tangent bundle of any fibre is trivial. 

Proof. Let x G B and p G 7r~ 1 (x). Let {vi p , . . . ,v rp } be an orthonormal basis in V p . Let 
Yi,Y 2 , . . . ,Y r be the horizontal liftings along the fibre 7T _1 (7r(p)) of (l/(cg(X, X)))n*A x vi p , 
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(l/(cg(X,X)))n # AxV2 P ,- ■ • , (l/(cg(X,X)))n m A x v rp , respectively. Let t>; = A x Yi for each 
% G {1, . . . , r}. Since 

g(vj,vi) = g{A x Y i ,A x Y l ) 

= (l/3)(R'(n*X, n,Yj, n,X, tt^) - cg(X, X)g(Y j , Y x ) + cg(X, Y j )g(X, Y t )) 

is constant along the fibre 7r _1 (7r(p)) and 

g(A x Y j ,A x Y l )(p) = ^g(A x A x v jp , A x A x v ip ) = g(X, X) 2 g(v jp , v lp ) = Ej5 jh 

we see that {v i, i>2, • • • , v r } is a global orthonormal basis of the tangent bundle of the fibre 
7r _1 (a;), which makes the tangent bundle trivial. □ 

We suppose that the curvature of the total space is negative. The case of positive 
curvature can be reduced to the negative one by changing simultaneously the signs of the 
metrics on the base and on the total space. We establish relations between the dimensions 
and the indices of fibres and of base spaces, and see how the geometry of base spaces looks 
like. 

Theorem 3.3. Let n : M — > B be a semi-Riemannian submersion with connected totally 
geodesic fibres from an (n + r) -dimensional semi-Riemannian manifold M of index s + r' 
with constant negative curvature c onto an n- dimensional semi-Riemannian manifold B 
of index s. Then the following hold: 

(1) n = k(r + 1) for some positive integer k and s = qi(r' + 1) + qi{r — r') for some 
nonnegative integers q\, qi with qi + q 2 = k. 

(2) //, moreover, M is a simply connected complete semi-Riemannian manifold and 
the dimension of fibres is less than or equal to 3 and the metric induced on fibres is 
negative definite, then B is an isotropic semi-Riemannian manifold andr e {1, 3}. 

Proof. Normalizing the metric on M, we can suppose c = — 1. Let p G M. Since the 
tangent bundle of the fibre 7r _1 (7r(p)) is trivial, we can choose a global orthonormal frame 
{v±,V2, • • • , v r } for the tangent bundle of 7r _1 (7r(p)). We have g(vi, Vj) = EiSij, e\ G { — 1, 1}, 
and card{i|£j < 0} = r' . 

(1) Let X be the horizontal lifting along the fibre 7r _1 (7r(j9)) of a vector X' G T n ^B, 
so that g(X',X') G { — 1, 1}. By O'Neill's equations, we have 

g(A Y V,A Y V) = -g(Y,Y)g(V,V) 

for a horizontal vector field Y and for a vertical vector field V. Along the fibre 7r _1 (7r(p)) 
we obtain for every i,j G {1, . . . , r} 

g{A x Vi,A x Vj) = -g(X,X)g(v i ,v j ) = -g(X,X)e i 5 ij , 

g(X,A x Vi) = -g(A x X,Vi) = 0. 
Thus {X, A x v±, . . . , A x v r } is an orthonormal system. Hence n > r + 1. 
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Let L = X. For every integer a such that 1 < a < n/(r + 1), let L a be a horizontal 
vector field along the fibre ir~ l (ir(p)) such that L a is the horizontal lifting of some unit 
vector (i.e., g(L a ,L a ) G {—1,1}), that L a is orthogonal to L , Li, . . . , L a _i and that 
L a (p) G ker A* L , ■> n ker A^,, D • - • H ker ^2 a _i(p)- Then, by Lemma f37Tl belongs 
to kerv42 ( g ) D ker A£ , s D • • • fl ker ^42 a _i( g ) f° r ever Y Q G 7r_1 ( 7r (p))- Therefore, for j G 
{1, . . . , r} and a, /3 > 0, we get 

g( A L a Vj,Lp) = -g(v j} A La L p ) = 

along the fibre 7r _1 (7r(p)). 

By O'Neill's equations, we obtain 

R(X, U, Y, V) = g((VuA) x Y, V) + g(A x U, A Y V) 

= 9(VuA x Y, V) - g(A VuX Y, V) - g(A x VuY, V) + g(A x U, A Y V) 

= g(VuA x Y, V) + g(A Y A x U, V) - g(A x A Y U, V) - g(A Y A x U, V) 

= g(VuA x Y,V) + g(A Y U,A x V) 

for basic vector fields X, Y and for vertical vector fields U, V. Thus, along the fibre 
7r_1 ( 7r (p)) we § e t f° r every a, (3 > and j, I G {1, . . . , r} 

g(A La v j} A Lp vi) = R(L a ,vi,L p ,Vj) - g(V Vl A La L p ,Vj) 

= -g(L a , Lp)g{v h v s ) - vi(g(A La Lp } u,)) + g(A La L p , V Vl Vj). 

Since A L(x Lp = along the fibre 7r _1 (7r(p)), it follows that 

g{A La Vj,A Lfj vi) = -g(L a ,Lp)g(vi,Vj) = -g(L a , L p )ei5i j . 

We proved that for some positive integer k, 

C = {L , A Lo v h . . . , A Lo v r , . . . , Al^vi, . . . , 4^^} 

is an orthonormal basis of TL along the fibre ir~ l (ir(p)). Thus diml? = (1 + dim fibre) k 
for some positive integer k. Counting the timelike vectors in C, we get index (i?) = 
qi(r' + 1) + (^(r — r') for some nonnegative integers qi, q2 with qi + q^ — k. 

(2) Let x G B and X', Y' G T X B such that g\X',X') = g'(Y',Y') ^ 0. We shall 
construct an isometry / : B — > B such that f(x) = x and f*X' = Y' . Note that we may 
assume that g'(X',X') = g'(Y',Y') = ±1. Let X, Y be the horizontal liftings along the 
fibre 7r _1 (x) of X' and Y', respectively. Take p G 7r~ 1 (x). Let 

£ = {L , A Lo vi, A Lo v r , . . . , L fc _i, Al^vx, A Lk _ Y v r }, 

£ = {L'o, A L ' v[, A L ,v' r , L' k _ v A L ' k _v[, • • • , A K _v' r } 

be two orthonormal bases constructed as above such that Lq = X, L' = Y, g(L a ,L a ) = 
g(L' a ,L' a ) for a G {1, . . . ,k — 1}, and that {v\ = A X Y%, . . . ,v r = A x Y r } and {v[ = 
A Y Y{, . . . , v' r = A Y Y^} are orthonormal bases of the tangent bundle of the fibre ir~ l (ir(p)), 
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where Yj_, . . . , Y r and Y{, . . . , are the horizontal liftings along 7r _1 (7r(p)) of the vec- 
tors tc*AxVi p , . . . , ir*A x v rp and it*Ayv' 1p , . . . , -K^Ayv'^ respectively (as in Lemma |3TT|) . for 
which g(vi,Vj) = gfotjVj) for i, j G {1, • • • , r}. Let : T P M — >■ T P M be the linear map 
given by 0(L a ) = L' Q , <f>(vj) = v'^ (j){A La Vj) = A L > a Vj for every a G {0, . . . , k - 1} and 
j G {1, . . . , r}. Since both C, £' are orthonormal bases, we see that is a linear isometry. 

We shall apply Theorem 12.41 Thus we need to prove that <J)(AeF) = A,p(m<f)(F) for 
every E, F G T p M. Indeed, we obtain for a, ft G {0, . . . , k — 1} and j,l G {1, . . . , r}, 

0(^4^) = 0(0) = = A Va L' p = A^ La) ^Lp) , 

g(vj,A La A Lfj vi) = -g(A La v j ,A Llt vi) = -g(L w Lp)g(v j ,vi) 

= -9(L' a , L' p )g{v' p v[) = gty, A Ua A L ^v[). 

Hence (j){A La A Lf) vi) = A^ La) (j)(A Lp vi). 

Lemma 3.4. AL a Vj is a basic vector field along the fibre tt~ 1 (7t(p)) for every 1 < j < r 
and a > 0. 

Proof of Lemma^M We have g(A x Vj,Z) = g(A x A x Y j ,Z) = -g(A x Yj, A X Z). For ev- 
ery basic vector field Z along the fibre 7r _1 (7r(p)) we know that g(A x Yj, A X Z) is constant 
along the fibre 7r _1 (7r(p)). Hence A x Vj is a basic vector field along the fibre 7r _1 (7r(p)). 

Now we assume a > 1. Since dim^keryl^- U ker A* La ) = dim ker + dim ker A£ — 
dim(ker A^flker A* L ) = (n—r) + (n—r) — (n—2r) = n, it follows that ker A^+ker A* La = T-L. 
Hence A^Vj is a basic vector field along the fibre 7r -1 (7r(p)) if and only if the following 
conditions are satisfied: g{Ai Ja Vj 1 Z\) is constant along TT~ l (ir(p)) for every Z\ G kerA^, 
which is a basic vector field along 7r -1 (7r(p)), and g(AL a Vj, Z 2 ) is constant along the 
fibre 7r _1 (7r(p)) for every Z 2 G )zer A* La , which is a basic vector field along 7r _1 (7r(p)). If 
Z 2 G kerA^, then A* La Z 2 = along ti-VCp))- So g(A La v j} Z 2 ) = -g{v v A La Z 2 ) = 
along vr _1 (7r(p)). If Z\ G ker A* x , then A* x Zi = along 7r _1 (7r(p)). By O'Neill's equations, 
we get along the fibre 7r -1 (7r(p)) 

R'(tt*X, Tr m Yj, vr*L Q , tt,Zi) = R(X , Yj, L a ,Z x ) + 2g(A x Y J , A La Z x ) 

-g{A Y .L ai A x Z x ) - g{A La X y A Y .Z y ) 
= -g(X, L a )g(Y 31 Z x ) + g(X, Z x )g{Y j , L a ) 
+2g(v j ,A La Z 1 ), 

since Az, a X = —A x L a = and A X Z\ = 0. Hence g(vj,Ai, a Zi) = —g(AL a Vj, Z x ) is con- 
stant along vr _1 (7r(p)) for every Z\ G ker A x , which is a basic vector field along ir~ l (ir(p)). 

We proved that AL a Vj is a basic vector field along 7r _1 (7r(p)) for every a > and 
j'G{l,...,r}. □ 

We denote by V the induced Levi-Civita connection on the fibre 7r _1 (7r(p)). 
Lemma 3.5. A AhaVi A L g Vj = g(L a ,L p )V ' Vi vj. 
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Proof of Lemma \3l)[ By the relation (13. ip together with Lemma [3^ we obtain for i,j, I G 
{1, . . . , r} and a, (3 > that 

= -R{L P , v h A La v i} vj) + g(y vi A Lp A La v h Vj) 
= g(Lp, A La Vi)g{v u Vj) + vig{A Lf} A La v h vj) 

-g{A Lp A La v h V Vl Vj) 
= -vtg(A La Vi, A Lf) vf) + g(A La v h A Lfj v t )g(V Vl Vj, v t )s t 
= -g(L a ,L p )g{y vi v j} Vi) 
= g{L w Lp)g{V Vi Vj,Vi). 

In the last equality we used the fact that Vj = A x Yj is a Killing vector field along the 
fibre 7r _1 (7r(p)) (see [Bis] or |Bes] ) . Thus 



A AhaW .A Lp Vj = g(L a ,Lp)V Vi Vj. 



Lemma 3.6. The following assertions are true: 

(a) r ^ 2. 

(b) Ifr = 1, then Aa l ^ Vi Al^Vi = 0. 

(c) If r = 3 and if we set t> 3p = (V Vl V2)(p) , then v 3 = V Vl V2 and 



□ 



g(V Vl Vj,v k ) 



if two ofi, j, k are equal, 

e{\)l)g{v^) if{i,j,k} = {1,2,3}, 



where . fc J is the signature of the permutation . fc J . 

Proof of Lemma^M Since vi, . . . ,v r are Killing vector fields along 7r _1 (7r(p)) and g(t>j, v i) G 
{ — 1, 1} for every i, we get 

g{V Vi Vj,Vi) = g(V Vi Vi,Vj) = g{V Vj v u Vi) = 

for every i, j G {1, . . . , r}. 

(a) The case r = 2 is not possible. Indeed, if r = 2, then the relation g(V Vl V2,vi) = 
^(Vk!^,^) = implies V Vl v 2 = 0. On the other hand, 

g{V vl V2,V vl v 2 ) = -g {V Vl V V2 v 2 , v x ) + R(v 1 ,v 2 ,v 1 ,v 2 ) = -g(v 1 ,v 1 )g(v 2 ,v 2 ) G {-1,1}, 

since V V2 v 2 = g{X, X)~ x A^ XV2 A X V2 = and each fibre has constant curvature —1. So 
we get a contradiction. 

(b) If r = 1, then AA La v x A^ fi v\ = for every a and (3, because = Aa xVi AxV\ = 
g(X, X)V Vl vi implies V Vl v% = 0. 
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(c) In the case r = 3 we shall prove g(V Vl v 2 ,v 3 ) is constant along the fibre h~ 1 (tt(p)). 
Since O'Neill's integrability tensor A is skew-symmetric, it follows that V Vi Vj = — V v .u». 
Then V Vi Vj = (l/2)[i)i,Vj] is a Killing vector field along tt~ 1 (tt(p)). We then obtain 

vig{V Vl v 2 ,v 3 ) = g{V vl V vl v 2 ,v 3 ) + g{V vl v 2 , V vi v 3 ) 
= -g(Vv 3 ^viV2, vi) + g{V vl v 2 , V vi v 3 ) 
= ~v 3 g{V vl v 2 , v x ) + g{V vl v 2 , V vi v 3 + V V3 vi) = 0. 

Analogously, we get v 2 g(V Vl v 2 ,v 3 ) = —v 2 g(V V2 Vi,v 3 ) = 0. We also obtain 

V3g{V Vl v 2 ,v 3 ) = g(y V3 V Vl v 2 ,v 3 ) + g(V Vl v 2 ,V V3 v 3 ) = 0, 

since W V3 v 3 = and W vi v 2 is a Killing vector field along 7r _1 (7r(p)). It is easy to see that 

g(V Vl v 2 ,v 3 ) = -g(y v2 v u v 3 ) = g(y v2 v 3 ,vi) 

= -g(^v 3 v 2 , vi) = g(V V3 vi, v 2 ) = -g(V vl v 3 , v 2 ). 
Thus g(V Vi Vj, Vi) is constant along the fibre 7r _1 (7r(p)) for each i, j, I G {1, 2, 3}. Therefore 

g(A x A AxV .A x v j ,AxVi) = -g(X,X)g(A AxVi A x Vj,Vi) = -g(X, X) 2 g{y Vi v j} v t ) 
is constant along 7r _1 (7r(p)). Also, we compute for a > 1 

g(A x A AxVi AxVj, A La vi) = -g(A AxVi A x Vj, A x A La v t ) = 0, 

g(A x A AxV .A x v j , L a ) = -g{A AxV .A x v j , A x L a ) = 0. 

Hence A x A AxVi A x Vj = g(X, X)A x V Vi v j is a basic vector field for each i, j G {1, . . . , r}. 

We choose v 3p = (V Vl v 2 )(p). Since A x V Vl v 2 is a basic vector field along 7r _1 (7r(p)), we 
get the horizontal lifting along 7r _1 (7r(p)) of 7r*(A x V vl v 2 (p)) = n*A x v 3p is g(X, X) -1 A X V ' Vl v 2 . 
On the other hand, Y 3 is, by definition, the horizontal lifting of g(X, X)~ lr K*A x v 3p along 
7r _1 (7r(p)). It follows that Y 3 = g(X, X)~ 1 A x S7 Vl v 2 along 7r _1 (7r(p)). Thus 

v 3 = A X Y 3 = g{X,X)- 1 A x A x V Vl v 2 = V Vl v 2 

along the fibre 7r _1 (7r(p)). □ 

For r = 3, we choose v' 3p = (V^t^Xp). If we repeat the argument above for the basis 
{v [, v r 2 , v' 3 }, by Lemma I3T6| we get v' 3 = V v >v' 2 along the fibre 7r _1 (7r(p)). It follows that 
giy^Vj.Vi) = gft^v^vfi for each i,j,l G {1,2,3}. 

Returning to the computation of g(A ALaVi ALgVj, Vi), in both cases r = 1 and r = 3, we 
get for every a, (3 > and i, j, k G {1, . . . , r} 

9(A ALaVl A L0 Vj,vi) = g(L a ,L^g(V Vi Vj,vi) 

= 9(L' a , L'^giVv'v'j, v[) = g{A ALl jA v v , i , v[). 

Hence 0(A ALaVt A LpVj ) = A <j>{ALaVi) (f)(A Lf! v j ) and <p(A ALaVi Vj) = A^ ALaVi )<f>{vj). 
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By Corollary 2.3.14 in |Wol] we see that : T p M — > T p M extends to an isometry on 
M, denoted by / : M — > M, such that f{p) = p and /* p = 4>. Hence f* p X = Y and 
f*(H p ) = 7~L P - Since f*A E F = Af^f^F for every E,F G T p M, we see, by Theorem 12 A\ 
that there is an isometry / : B — > B such that / o n = n o /. Thus f*X' = /*7r*X = 
irJ*X = n*Y = Y> and />) = />(?)) = 7r(/(p)) = 7r(p) = x. 

Therefore -B is an isotropic semi-Riemannian manifold. This completes the proof of 
Theorem 13.31 □ 

If the metric on the base space is negative definite, the following lemma follows from 
Theorem 13.31 

Lemma 3.7. If n : M — >■ B is a semi-Riemannian submersion with connected totally 
geodesic fibres from an (n + r)- dimensional semi-Riemannian manifold M of index r' + n 
and of constant negative curvature onto an n-dimensional semi-Riemannian manifold B 
of index n, then r' — r. 

Proof. By Theorem 13. 3[ we have n = qi(r' + 1) + q2{r — r') = (q% + q , 2)( r + 1) fo r some 
nonnegative integers q\ and q 2 . Hence = q\{r — r') +q 2 (r' + 1). Since the right hand side 
is the sum of two non-negative numbers, it follows that q\(r — r') = and q 2 {r' + 1) = 0. 
Therefore q 2 = 0. This implies r' = r. □ 

Remark. Changing simultaneously the signs of metrics on the total space and on the base 
space, any semi-Riemannian submersion, under the assumptions of Lemma I3.7[ becomes 
a Riemannian submersion with totally geodesic fibres from a sphere onto a Riemannian 
manifold. This case was completely classified by Escobales (see [Esclj ) and Ranjan (see 
[Rani]). 

Proposition 3.8. Let tt : M — >■ B be a semi-Riemannian submersion with connected 
totally geodesic fibres from a complete simply connected semi-Riemannian manifold M 
onto a semi-Riemannian manifold B. Then B is simply connected and complete. 

Proof. If M is geodesically complete, then so is B (see [Bes] or |Ba-Ia] ) . Since M is a 
complete semi-Riemannian manifold and the fibres are totally geodesic, any fibre is also 
geodesically complete. By a theorem in |Rec] . it follows that the horizontal distribution 
"H is an Ehresmann connection. Therefore, by |Ehr] . we see that 7r is a fibre bundle. So 
we obtain an exact homotopy sequence: 

► vr 2 (M) ->■ tt 2 (B) mifibre) ->■ m(M) iri(B) ->■ 0. 

Thus tti(B) =0. □ 



By Theorem 12.3.2 in |Wol] . we know that any connected, simply connected isotropic 
semi-Riemannian manifold is isometric to one of the following semi-Riemannian manifolds: 
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(i) M.™ or the universal semi-Riemannian covering of the pseudo-hyperbolic space 
H™{c) with constant sectional curvature c < 0, or of the pseudo-sphere S™(c) 
with constant sectional curvature c > 0. 

(ii) The complex pseudo-hyperbolic space Cif t m (c) with constant holomorphic sec- 
tional curvature c < 0, or the complex pseudo-projective space CP t m (c) with con- 
stant holomorphic sectional curvature c > 0. 

(iii) The quaternionic pseudo- hyperbolic space Hif i m (c) with constant quaternionic 
sectional curvature c < 0, or the quaternionic pseudo-projective space iF ; m (c) 
with constant quaternionic sectional curvature c > 0. 

(iv) The Cayley pseudo- hyperbolic plane CaH 2 (c) with Cayley sectional curvature c < 
0, or the Cayley pseudo-projective plane CaP 2 (c) with Cayley sectional curvature 
c> 0. 

Lemma 3.9. (a) If B is a semi-Riemannian manifold isometric to one of the semi- 
Riemannian manifolds CP™(c), HF™(c), CaP 2 (c) (c > 0), then the curvature tensor 
satisfies the inequality 

(3.2) R'(X',Y',X',Y') > ^(g'(X',X')g'(Y',Y')-g'(X',Y') 2 ) 

for each tangent vectors X' , Y' of B. 

(b) If B is a semi-Riemannian manifold isometric to one of the semi-Riemannian 
manifolds < CH] n {c), Hi^ m (c) ; CaHf(c) (c < 0), then the curvature tensor satisfies the 
inequality 

(3.3) R'(X',Y',X',Y') < - A {g\X',X')g\Y\Y')-g'{X\Y'f) 
for each tangent vectors X' , Y' of B. 

Proof. For each tangent vectors X', Y' of B, we have the following formulas for the 
curvature tensors: 

(i) If B G {CP 4 m (c), Cif t m (c)} and Jo is the natural complex structure on B, then 

(3.4) R'(X', Y', X', Y') = -(</(*', X')g'(Y', Y') - g'(X', Y' f + 3g'(X', I Y') 2 ). 

(ii) If B G {HF ; m (c), M™(c)} and Iq,Jq,K are local almost complex structures 
which give rise to the quaternionic structure on B, then 

(3.5) R'(X',Y',X',Y') = {c/A){g'{X',X')g\Y'X)-g'{X'Xf 

+3g'(X', I Y') 2 + 3g'(X', J Y') 2 + 3g'(X', K Y') 2 ). 

By these explicit formulas for curvature tensors, in all cases we obtain the inequalities 
(I3~2l) and □ 

First, we shall discuss the case of a base space with nonconstant curvature. 
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Lemma 3.10. // n : H™+*, — > B™ is a semi-Riemannian submersion with connected 
totally geodesic fibres from an (n + r) -dimensional pseudo-hyperbolic space of index 

s + r' > 1 onto an n- dimensional isotropic semi-Riemannian manifold B r s l of index s with 
nonconstant curvature, then the induced metrics on the fibres are negative definite and B 
is isometric to one of the following semi-Riemannian manifolds: 

(i) CH™, m>\, 

(ii) H# t ™ m > I, 

(iii) CaH 2 . 

Proof. Since dimH = /c(dimV + l) for some positive integer k, we get dimH > dimV + 1. 
Let X be a horizontal vector field along a fibre 7r _1 (7r(p)) such that g(X, X) ^ and X 
is the horizontal lifting of some tangent vector of B. 
First, we shall prove that 

dim'H > dimV + 1. 

Suppose that dimH = dimV + 1. Then A x : V ->• X ± = {Y G H \ g(X,Y) = 0} is 
bijective. For every Y e X 1 - we get Y = A X V for some vertical vector V. It follows that 

g(A x Y,A x Y) = g(A x A x V,A x A x V) = g(X, X) 2 g(V,V), 
g(Y,Y) = g(A x V,A x V) = -g(X,X)g(V,V). 

Thus g(A x Y, A X Y) = -g(X, X)g(Y,Y) for every Y E X ± . By O'Neill's equations, we 
have 

R!{^X^Y^X^Y) = -g(X,X)g(Y,Y)+g(X,Y) 2 + 3g(A x Y,A x Y) 

= ~A(g(X,X)g(Y,Y)-g(X,Y) 2 ) 

for every horizontal vector field Y along 7r _1 (7r(p)). Hence B has constant curvature is a 
contradiction. 

We established that dim'H > dimV + 1. So we can find a horizontal vector field Z 
along the fibre 7r _1 (7r(p)) such that Z e kerA* x , g(X,Z) = 0, g(Z,Z) ^ and Z is the 
horizontal lifting of some Z 1 e T^B. We then have 

R'(ir*X, n*Z, n*X, n*Z) = -g(X, X)g(Z, Z) + g(X, Z) 2 + 3g(A x Z, A X Z) 

= -g(X,X)g(Z,Z). 

Since B is a simply connected isotropic semi-Riemannian manifold with nonconstant 
curvature, we see that B is isometric to one of the following semi-Riemannian manifolds: 

(a) CP t m (c), HP™(c), CaP 2 (c), or 

(b) C#r(c), MHr(c), CaH 2 (c). 

We shall prove that only the case (b) is possible. 

First, we suppose that B is isometric to one of the following semi-Riemannian manifolds: 

CP t m (c), MP t m (c), CaP 2 (c) (c> 0). 
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By the inequality (13. 2)) , we get 

R'{<k*X,<k*A x V,>k*X,<k*A x V) = -Ag(X,X)g(A x V 1 A x V) 

= Ag(X,X) 2 g(V,V) > -(c/A)g(X, X) 2 g(V, V). 

Therefore 

(3.6) g{V,v)>o 

for every vertical vector V. Since X and Z are basic vector fields along 7r _1 (7r(p)) with 
g(X, Z) = and A X Z = along 7r _1 (7r(p)), it follows from the relation ( 13. ip that A Z V G 
ker A^-. On the other hand, by the inequality ( I3.2p . we get 

itfaX, n*Z, tt,X, n,Z) = -g(X, X)g(Z, Z) > (c/A)g(X, X)g(Z, Z), 
R'(n,X, ir*A z V, tt,X, n*A z V) = -g(X, X)g(A z V, A Z V) > (c/A)g(X, X)g(A z V, A Z V). 

Hence g(X,X)g(Z,Z) < and g(X, X)g(A z V, A Z V) < 0. Thus 

< g(Z, Z)g(A z V, A Z V) = -g(Z, Z) 2 g(V, V). 

So for any vertical vector V we get 

(3.7) g(V,V)<0. 

Since the induced metrics on fibres are nondegenerate, it is not possible to have both ( 13.61) 
and (13.71) . So we obtain the required contradiction. It follows that B is isometric to one 
of the following semi-Riemannian manifolds: 

C# t m (c), UH™(c), CaH 2 (c) (c < 0). 

We shall now prove that c = —4. Suppose (c/4) + 1^0. By the inequality (13. 3p . we 

get 

(3.8) R'faX, tt*Z, n*X, ir # Z) = -g(X, X)g(Z, Z) < (c/A)g(X, X)g(Z, Z), 

#faX,n*A z V,n*X,n.A z V) = -g(X, X)g(A z V, A Z V) < (c/4)g(X, X)g(A z V, A Z V). 
Hence 

(3.9) ((c/4) + l) 2 g(X, X) 2 g(Z, Z)g(A z V, A Z V) > 0, 

from which follows that < g(Z, Z)g(A z V, A Z V) = -g(Z, Z) 2 g(V, V). Therefore g(V, V) < 
for every vertical vector field V. In particular, we have g(A x Y, A X Y) < 0, which implies 

(3.10) R'(tt*X, 7r*y, n*X, tiX) < g(X, X)g{Y, Y) - g(X, Y) 2 

for every horizontal vectors X and Y . We have the following cases: 

Case (a) < index B < dimB. We can choose vector fields X', Y' on B such that 
g'(X', X')g'(Y' , Y') < and that one of the following conditions is satisfied: 
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(i) Y' G {X' , IqX'} 1 - if B = Cif™(c), where I is the natural complex structure on 

(ii) Y' G {X', I X', JqX', K X'} l \iB = UH™(c), where {J , J , K } are local almost 
complex structures which give rise to the quaternionic structure on MH™(c), or 

Let X, Y be the horizontal liftings of X', Y' . The inequality (13. 10)) then implies 

~g(X,X)g(Y,Y) < -g(X,X)g(Y,Y). 

Hence ((c/4) + l)g(X, X)g(Y, Y) < 0. Therefore (c/4) + 1 > 0. On the other hand, 
we can choose horizontal vector fields X, Z such that g(X,Z) = 0, Z G kerA^ and 
g(X,X)g(Z,Z) < 0, because < index B < dim B. Then the inequality (13. Sp becomes 
(c/4) + 1 < 0. So we get a contradiction. 

Case (b) index 5 G {0, dimS}. Similarly, we can choose vector fields X', Y' on B such 
that s'OX^Y') = and R'(X',Y',X',Y') = (c/4)g'(X', X')g'(Y' ,Y'). The inequality 
(13~T0|) then implies ((c/4) + l)g'(X', X')g'(Y', Y') < 0. By the hypothesis of Case (b), we 
get (c/4) + 1 < 0. On the other hand, the inequality (13.8)) becomes (c/4) + 1 > 0. So we 
get a contradiction. 

We have proved c = —4. The inequality ( 13. 3 j) then becomes 

(3.ii) i?'(x', y, x', y') < -^'(x', x')^'(r, r') + </(*', r') 2 

for tangent vector fields X', Y' on B. Then we have 

R'^X^AxV^X^AxV) = -4g(X,X)g(A x V,A x V) < -g(X, X)g(A x V 1 A X V) 
for a vertical vector field V and for a horizontal vector field X. Hence 

< g(X,X)g{A x V, A X V) = -g(X, X) 2 g(V,V). 
Therefore the induced metrics on fibres are negative definite. □ 

By Lemma 13.101 we deduce the following proposition. 

Proposition 3.11. If n : H^T^ — > B™ is a semi-Riemannian submersion with connected 
totally geodesic fibres from an (n + r)- dimensional pseudo-hyperbolic space H™^, of index 
s + r' onto an n-dimensional isotropic semi-Riemannian manifold B™ of index s with 
nonconstant curvature, and if the fibres are negatively definite then one of the following 
holds: 

(1) n = 2m > 2, s = 2t, r = r' = 1 for some non-negative integers m, t, and B™ is 
isometric to CH™. 

(2) n = 4m > 4, s = 4t, r = r' = 3 for some non-negative integers m, t, and B™ is 
isometric to IHLf/] 11 . 

(3) n = 16, s G {0, 8, 16}, r = r' = 7, and B™ is isometric to CaH^, g . 
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Proof. First, we shall discuss the case s + r' > 1. By Lemma [3.10[ B is isometric to one 
of the semi-Riemannian manifolds Ci? t TO , ELH] 71 , CaHf for some m > 1. 

Let x E B and let X' G T^S such that g'(X',X') 7^ 0, and let Tx 1 be the subspace in 
T X B given by 

JF X , = {Y' g I R'(X',Y')X' = -g\X\Y')X' + g'(X', X')Y'}. 

Let p G 7r _1 (x) and let X be the horizontal lifting vector at p of X'. By O'Neill's equations, 
we have R'in^X, 7r*Y, tt*X, n^Z) = R(X, Y, X, Z) + 3g(A* x Y, A* X Z) for horizontal vectors 
Y, Z. Since A* x : "H p — > V p is surjective and since the induced metrics on fibres are 
nondegenerate, we get Y G ker A* x if and only if ix*Y G Tx 1 - Thus 

dim ker A* x = dim % — dim V = dim Tx' ■ 

We have the following possibilities: 

(1) is isometric to CH™. So n = 2m, s = 2t. From the geometry of the complex 
pseudo- hyperbolic space (see relation (13 .4p ). we get dimj 7 ^' = dimH — 1. It 
follows that r — r' — dim V = 1 . 

(2) B™ is isometric to H.H™. So n = 4m, s = 4t. From the geometry of the quater- 
nionic pseudo-hyperbolic space (see relation (13.51) ). we get dim Tx' = dimTi — 3. 
It follows that r = r' = dimV = 3. 

(3) -B™ is isometric to the Cayley pseudo-hyperbolic plane CaH^. So n = 16, s G {0, 8, 16}. 
From the geometry of the Cayley pseudo-hyperbolic plane, we obtain dim Tx' — 
dim TL — 7. Hence r = r' = dim V = 7. 

Now, we discuss the remaining case s + r' = 1. From s + r' — 1, we have either 

(i) s = 0, r' = 1, or 

(ii) s = 1, r' = 0. 

If s — 0, r' — 1, then 7r : H" +r — > B n is a semi-Riemannian submersion with totally 
geodesic fibres from an anti-de Sitter space onto a Riemannian manifold. In this case, 



investigated by Magid in Mag , it follows that B is isometric to the complex hyperbolic 
space CH m and r = r' = 1. 

For s = 1, r' = 0, we get, by Theorem 13. 3[ 1 = qi + q 2 r > qi + q 2 with qi + q 2 = 
k = n/{r + 1). Thus qi + q 2 = 1- It follows that n — r + 1. Hence Ax : V — >■ X- 1 is 
bijective. Since R'faX, tt^AxV, ir*X, ir*AxV) = —4g(X,X)g(AxV,A x V), we see that B 
has constant curvature —4, which contradicts our assumption of nonconstant curvature 
of the base space. □ 

We shall now discuss the case where the base space is of constant curvature. 

Proposition 3.12. If n : H™7£, — > B™ is a semi-Riemannian submersion with connected 
totally geodesic fibres from an (n + r)- dimensional pseudo-hyperbolic space of index s + r' 



SEMI-RIEMANNIAN SUBMERSIONS WITH TOTALLY GEODESIC FIBRES 



19 



onto an n- dimensional semi-Riemannian manifold of index s with constant curvature, and 
if the fibres are negatively definite, then one of the following holds: 

(1) n = s = 2* , r = r' = n — 1, B is isometric to H\ t (— 4) and t £ {1, 2, 3}. 

(2) n = 2*, s = 0, r = r' = n — 1, B is isometric to H 2 \—A) and t £ {1, 2, 3}. 

Proof. Since B has constant curvature, the curvature of B is —4 and n = r + 1. By 
Theorem I3.3[ s = q\(r' + 1) + q2(r — r') = qi(r + 1) and q\ + q2 = n/ (r + 1) = 1. Then 
either q\ = or q\ = 1. If q\ = 0, then s = 0. If q\ = 1 then s = r + 1 = n. Summarizing, 
we have index(5) £ {0,dim£>}. 

If index(5) = dim B, then, by Lemma |3.7[ we obtain r = r' . Hence, by |Ranl] . we 
have (1). 

If index(5) = 0, then, by |Ba-Ia] . we have (2). 
The idea of the proof in |Ranl] and |Ba-Ia] is to see that the tangent bundle of any fibre is 
trivial and that fibres are diffeomorphic to spheres, and then to apply a well-known result 
of Adams which claims that the spheres of dimensions 1, 3 and 7 are the only spheres 
with trivial tangent bundle. □ 

The next theorems solve the equivalence problem of semi-Riemannian submersions from 
real and complex pseudo-hyperbolic spaces. 

Theorem 3.13. // 7Ti, %i : H™7£ — > B™ are two semi-Riemannian submersions with 
connected totally geodesic fibres from a pseudo-hyperbolic space of index s + r' > 1, if the 
fibres are negative definite, and if the dimension of the fibres is r £ {1,3}, then tti and 
7T2 are equivalent. 

Proof. Let p, q £ H^ r r ,. Let 

£ = {L , A 1Lo vi, A 1Lo v r , L fc _i, Axl^vi, A 1Lk _ 1 v r }, 

CI = {L' Q , A 2L , o v' 1 , A 2L ,v' r , L' k _ x , A 2L r k _v' 1 , A 2Li _v' r } 

be two orthonormal bases of Hi along 7rj~ 1 (7Ti(p)) and of H 2 along vr 2 _1 (7r 2 (g)) constructed 
as in the proof of Theorem 13.31 such that g p (L a ,Lp) = g q (L r a ,L'p) = e a 5 a p for a, f3 £ 
{0, ...,k - 1}, g p {vi,Vj) = gqiv'^v'j) = for i,j £ {l,...,r} and for r = 3, v 3p = 
(V^Xp) and v' 3q = (V v[ v 2 )(q). 

Let : T p H^, T q H%£, be the linear map given by (j>{L a ) = L' a , (j){A 1L<x Vi) = A^v'^ 
4>(vi) = v[ for every a and i. In a manner similar to the proof of Theorem 13.31 we obtain 
(j){Ai E F) = A 2 ^ (E )<p(F) for every E, F £ T p H^,. By Corollary 2.3.14 in [TO], extends 
to an isometry on H^,, denoted by / : H^, -)■ H^ f , satisfying f(p) = q and /* p = (j). 
From Theorem 12.41 it follows that / induces an isometry / on B, such that / o n = n o f. 
Hence tti and ir 2 are equivalent. □ 
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Theorem 3.14. Ifni,^ '■ Ci/f^+i — > Hif™ are two semi-Riemannian submersions with 
connected complex totally geodesic fibres from a complex pseudo-hyperbolic space, and if 
the fibres are negative definite, then 7i"i and tt 2 are equivalent. 

Proof. Let 9 : -> CH^ be the canonical semi-Riemannian submersion. By 

Theorem 2.5 in [Esc2] . we see that 7f a = tti o : #£+3 -> H# s n and vf 2 = tt 2 o : H^+i ->■ 
HLff™ are semi-Riemannian submersions with totally geodesic fibres. We denote by Ai, 
A 2 , Ai, A 2 , A O'Neill's integrability tensors of ffi, tt 2 , 7Ti, 7r 2 , 0, respectively. In order 
to reduce the proof of the equivalence theorem of semi-Riemannian submersions from 
a complex pseudo-hyperbolic space to that from a pseudo-hyperbolic space, we need to 
establish relations among the integrability tensors A\, A\, A. 

First, we prove that 9*A\ X Y = Aig tX 9*Y for T^-basic vector fields X and Y. Let 
p G -f^4™+ 3 3 - Let w[, w' 2 be two orthonormal m- vertical vectors in T e ( p )Cif 2 ™ 4 f 1 1 and let w±, 
w 2 be the ^-horizontal liftings at p of w[, w' 2 , respectively. Let w 3 be a unit vertical 
vector in T p H^^. Then {w 1 , w 2 , w 3 } gives an orthonormal basis of V\ p . Since the induced 
metrics on the fibres of 7fi are negative definite, we have 

A 1X Y = -g{V x Y, u)i)ti)i - g(V x Y, w 2 )w 2 - g(V x Y, w 3 )w 3 . 

Thus 

0*AixY = -g , (V 0tX e*Y,e*w 1 )0*w 1 - g'{V^ x 9*Y,9*w 2 )9*w 2 = A WtX 9,Y 

for 7fi-basic vector fields X and Y, where g' denotes the metric on Cif^I+i an d V' is the 
Levi-Civita connection of g'. 

Let X be the 7Ti-horizontal lifting along the fibre tc^ 1 (tci(p)) of some unit vector in 
Tjr^pjWH™ . Let Yi, Y" 2 , Y" 3 be the ^-horizontal liftings along the fibre 7f ] ~ 1 (7r 1 (p)) of 
^1*^1x^1, tti*Ai X W2, ^i*Ai X w 3 , respectively. Let Vi = A lx Yi for i G {1,2,3}. As in 
Theorem 13. 3\ we choose w 3 = g(X,X)~ 1 (V„ 1 f 2 ) (p), which implies that v 3 = V vi v 2 (see 
Lemma 13. 6j) . 

We remark that v 3 = Ai X Y 3 is a 9- vertical vector field along the fibre 9~ 1 (9(p)). Indeed, 
we have 

6* (A lx Y 3 (jp')) = (A WtX 9*Y 3 ) {8(p')) = (A ie » x 9*Y 3 ) (9(p)) = 9, (a 1x F 3 (p)) 
= 9*(A lx A lx w 3 ) = g(X, X)9*w 3 = 

for any p' G 6~ 1 {6{p)). 

Since v±, v 2 are orthogonal to the vertical vector field v 3 along 9~ 1 (9(p)), we see that 
vi, v 2 are ^-horizontal. Since 9* (A lx Yi(p')) = (A W , X G,YA (9(p')) for p' G 9-\9(p)) 
and for i G {1,2}, we obtain that Vi, v 2 are #-basic vector fields along 9~ 1 (9(p)). Thus 
hS7 V3 Vi = A Vl v 3 along 9~ 1 (9(p)). Here h and v denote the ^-horizontal and vertical 
projections, respectively. We also obtain that vV V3 V\ = —g(V V3 vi,v 3 )v 3 = 0. Therefore, 
A Vl v 3 = V„ 3 Ul = v 2 along 9~ 1 (9(p)). 
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We shall prove that Ai X v 3 = A x v 3 along 9 l {0(p)) for every 7Ti-basic vector field X 
along 7fjf 1 (7f 1 (p)). We first obtain along 9~ 1 (9(p)) that 

^1x^3 = V x v 3 + g(y x v 3 , v x)v 1 + g(V x v 3 , v 2 )v 2 + g(y x v 3 , v 3 )v 3 , 

g(V x v 3 , vi) = g(A x v 3 , v 1) = -g{v 3 , A x vi) = g(v 3 , A Vl X) = -g(A Vl v 3 , X) 
= -g(v 2 ,X)=0 

for a 7fi-basic vector field X along n^ 1 (7Ti(p)) • Analogously, we get g(V x v 3 , v 2 ) = 0. Thus 

A lx v 3 = V x v 3 + g(V x v 3 , v 3 )v 3 = A x v 3 

along 9~ 1 (9(p)) for every 7ri-basic vector field X along ttJ 1 (jv 1 (p)). 

Let t = {L = X, A 1Lo Vi, A 1Lo v 2 , A 1Lo v 3 , . . . , L„_ 1; A 1Ln _ x v x , A lLn _ x v 2 , A lLn _ x v 3 } be an 
orthonormal basis of T-Li along the fibre 7rj~ 1 (7fi(p)) constructed as in Theorem 13.31 for the 
semi-Riemannian submersion ffi. From the proof of Theorem 13.31 we have 

for j 7^ I, and 

for < j, t < n — 1. We then obtain along jx^ijxiijp)) that 

9{^iAu..vi v 3, Ai Lj v 2 ) = -g{v 3 ,A lAi ^ Vi A 1L .v 2 ) 

= -g{v 3 ,V Vl v 2 )g(L h Lj) 
= -g(v 3 , v 3 )g(Lj, Lj) = -g(v 2 , v 2 )g(L j , Lj) 
= g(A 1L .v 2 ,A 1Lj v 2 ), 

from which follows A 1L .v 2 = A iAil Vi v 3 . Hence A 1L .v 2 = A AlL . Vl v 3 , because Ai Lj Vi is 

7Ti-basic. We also have An j v 3 = AL j v 3 . 

Let £ = £ U {v\,v 2 }. Summarizing all the above, we obtain that 

£ = {L , A Lo v 3 , Ai Lo v u A 7 v 3 , . . . , L n _ u A Ln ^v 3 , Al^vu A A v 3 ,v u A Vl v 3 } 

± - tJ LLj n — 1 L 

is an orthonormal basis of the ^-horizontal space "H along the fibre 9~ l (9(p)) and £ 
satisfies all conditions imposed in the construction of the basis £ in the proof of Theorem 
13.31 We notice that v 3 = A X Y 3 along 9~ 1 (9(p)), and that along 9~ 1 (9(p)), Y 3 is equal to 
the ^-horizontal lifting of 9*A x w 3 . 
Let q e H^+l Let 

£' = {L' Q , A 2L > o v[, A 2L ,v' 2 , A 2L > o v' 3 , L' n _ L , A Wni v[, A 2V ^v' 2 , A 2L > ni v' 3 } 

be an orthonormal basis of T-L 2 along tt^ 1 (jt 2 (q)) constructed in the same way as £, but for 
the semi-Riemannian submersion tt 2 (see the proof of Theorem I3.3p . in such a way that 
g p (L a ,L,3) = g q (L' a , L'p) for < a, f3 < n - 1, g p (vi,Vj) = gqiv^v^) for 1 < i,j < 3, and 
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v ' 3 (q) = (y v rv' 2 ) (q). Let : T P H%$£ -> T q H%$ be the linear map given by = < 

0(Aii a t>j) = Aiuji'i for < a < n — 1 and for 1 < i < 3. 

By Corollary 2.3.14 in |Wolj . extends to an isometry / : -> #4™+ 3 3 such that 

/(p) = 9 an d f*p — 4>- By the proof of Theorem 13 we have f*Ai E F = A 2 ^ E f*F for 
every E, F G T P H^^. By the proof of Theorem 13 . 1 3 1 and by Theorem 12 .4[ / induces an 
isometry on CH^+l, denoted by / : CH^ CH%£1, such that o / = / o 0. Since 
the 7Ti-vertical space at 9{p) is spanned by {0*i>i, 0*^2}, since the 7r 2 - vertical space at 0(g) 
is spanned by {9*v[,9*v r 2 }, and since /*(0*i>i) = 9^, for i G {1,2}, we see that /* maps 
the 7Ti-vertical space at 9(p) into the 7r 2 -vertical space at 0(q). For vfx-horizontal vectors 
X and Y we obtain 

f*A ie .x6*Y = f*9*A lx Y = 9J*A 1X Y 

= 0*A 2 f t xf*Y = A 2df f t x9*f*Y 
= A 2 f t ( 9tX )f*(9*Y). 

Therefore, by Theorem 12 A\ we see that tt% and tt 2 are equivalent. □ 

Remark. We notice that our equivalence theorems can be applied, in particular, to Rie- 
mannian submersions from a sphere with totally geodesic fibres of dimension less than 
or equal to 3, and for Riemannian submersions with complex totally geodesic fibres from 
a complex projective space. Unlike those in |Esclj . |Esc2] . |Ranlj . our proofs of the 
equivalence theorems are intrinsic, we do not need to assume the existence of any specific 
structure on the base space, such as complex or quaternionic one. In Theorem I3.14[ we 
need to assume only that the fibres are 2-dimensional and that the induced metrics on 
fibres are negative definite. 

Summarizing all results above, we now prove the main theorems. 

Proof of Theorem HZD If s+r' > 1, then H™^£ is simply connected and hence, by Theorem 
13.31 B is an isotropic semi- Riemannian manifold and r G {1,3}. By Propositions 13.111 
and I3.12[ we see that the base space of the semi- Riemannian submersion is isometric to 
a complex pseudo-hyperbolic space if the dimension of fibres is one, or to a quaternionic 
pseudo- hyperbolic space if the dimension of fibres is 3. In Theorem 13.131 we solved the 
equivalence problem. The existence problem is solved by the explicit construction given 
in the preliminaries (see Examples 1 and 2). 

If s + r' — 1, then either (i) s — 1, r' — 0, or (ii) s — 0, r' — 1. Since the fibres are 
assumed to be negative definite, (i) cannot occur. 

(ii) If s — 0, r' = 1, then ir is a semi- Riemannian submersion from an anti-de Sitter 
space onto a Riemannian manifold. By |Mag| , 7r is equivalent to the canonical submersion 
vr : Hl m+1 -> CH m . This falls in the case (a). □ 
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Proof of Theorem \1.2\ If the dimension of the fibres is less than or equal to 3, then, by 
Theorem 11.11 ft is equivalent to the canonical semi-Riemannian submersions: 

(a) H%ff ->■ CH™, < t < m, or 

(b) H*™f ->■ MH™, 0<t<m. 

Now we assume that the dimension of the fibres is greater than or equal to 4. 

(A) If we assume that the dimension of the fibres is greater than or equal to 4 
and B is an isotropic semi-Riemannian manifold with non-constant curvature, then, by 
Proposition 13.111 B is isometric to CaH^, t G {0, 1, 2}, and the dimension of the fibres 
is r = r' = 7. By Proposition 12. 7\ there are no such semi-Riemannian submersions with 
base space CaH^. Therefore, the assumptions (A) and r > 4 imply that B has constant 
curvature, and hence, by Proposition 13. 121 we obtain s = index(£>) G {0,dim(_B)}. 

(B) If mdex(B) = and r > 4, then, by [Baja], the semi-Riemannian submersion n is 
equivalent to the canonical semi-Riemannian submersion H^ 5 — > H 8 (—A). If index(5) = 
dim(5), then, by Lemma [3 .7\ we get r' = r. By changing the signs of the metrics on the 
base and on the total space, 7r becomes a Riemannian submersion with connected totally 
geodesic fibres from a sphere onto a Riemannian manifold. So, by |Escl] and |Ranlj . one 
obtains the conclusion. □ 

Proof of Theorem 11.31 Let 9 : H^+l — > CH™ be the canonical semi-Riemannian submer- 
sion. By Theorem 2.5 in |Esc2] . one obtains that tto9 : H^g+l — > B is a semi-Riemannian 
submersion with connected totally geodesic fibres. 

(A) If the dimension of the fibres of ir is r and 1 < r < 2, then the dimension of the 
fibres of the semi-Riemannian submersion ir o 9 is less than or equal to 3 and greater than 
or equal to 2. By Theorem ll.il B is isometric to M.H™ and 2n+l = 4m + 3, 2s + l = 4t+3. 
Then n = 2m+l,s = 2t + l. By Theorem EH! we see that vr : CH^ 1 is 
equivalent to the canonical semi-Riemannian submersion. 

(B) and (C) If B is an isotropic semi-Riemannian manifold or if index(S) G {0, dim B}, 
then, by Theorem II .2\ tto9 is equivalent to one of the following canonical semi-Riemannian 
submersions: 

HlT+i 1 -»■ C# t m , < t < m; 

i^ 8t ^#f t (-4), tG{0,l}. 

If the dimension of the fibres of 7r is greater than or equal to 3, then the dimension of 
the fibres of 7r o 9 is greater than or equal to 4. Hence, in this case, ir o 9 is equivalent 
to Hj^_ 8t — > Hg t (— 4), t G {0, 1}. For t = 1, the semi-Riemannian submersion 7r is, 
after a change of signs of the metrics on the total space and on the base space, of type 
7T : CP 7 S S (A). For t = 0, vr is of type tt : C^J iJ 8 (-4). In [Rani] (for case t=l) and 
[Ba-Ia] (for case t=0), it is proved that there are no such semi-Riemannian submersions 
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with totally geodesic fibres. We proved that the dimension of fibres of ir is less than or 
equal to 2. □ 

Proof of Theorem 11.41 We suppose that there are such semi-Riemannian submersions. It 
is well-known that any quaternionic submanifold in Hif™ is totally geodesic. Let r] : 
Hts+3 ~~ >" Hl-^r - ) £ : 2s+i ~~ * ^^2, be the canonical semi-Riemannian submersions. By 
Theorem 2.5 in |Esc2j . we see that nor]: H^+i — > B is a semi-Riemannian submersion 
with connected totally geodesic fibres. We remark that the dimension of the fibres of nor] 
is greater than or equal to 4. Thus, by Theorem 11.21 we see that ir o rj is equivalent to the 
canonical semi-Riemannian submersion 

# 7 15 -> P 8 (-4), or Hll -> # 8 8 (-4). 

It follows that 7r is one of the following types: 

(i) 7T : UHf -> # 8 (-4), or 

(ii) 7r : HH3 — >■ iff (—4). 

In |Uccj . Ucci proved that there are no Riemannian submersions with fibres HP 1 from 
HP 3 onto 5* 8 (4). Therefore, Case (ii) is not possible. 

The fibres of semi-Riemannian submersion tt o £ : CifJ — >• if 8 (—4) are totally geodesic 
by Theorem 2.5 in (Esc2j . and complex submanifolds, since the horizontal lifting of the 
tangent space of the quaternionic line vr _1 (7r(p)) is invariant under the canonical complex 
structure on CifJ. By [Ba-Ia] . there are no semi-Riemannian submersions with complex 
totally geodesic fibres from CifJ onto P 8 (— 4). Thus Case (i) is impossible. □ 
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